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3 A decomposition theorem for
immersions of product manifolds.
Ruy Tojeiro∗
Abstract
We introduce polar metrics on a product manifold, which have product and
warped product metrics as special cases. We prove a de Rham-type theorem char-
acterizing Riemannian manifolds that can be locally decomposed as a product
manifold endowed with a polar metric. For a product manifold endowed with
a polar metric, our main result gives a complete description of all its isometric
immersions into a space form whose second fundamental forms are adapetd to its
product structure, in the sense that the tangent spaces to each factor are preserved
by all shape operators. This is a far-reaching generalization of a basic decompo-
sition theorem for isometric immersions of Riemannian products due to Moore as
well as its extension by No¨lker to isometric immersions of warped products.
MSC 2000: 53 B25.
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1 Introduction
A basic result due to Moore [5] states that an isometric immersion f : Mn → RN of a
Riemannian product Mn = Πri=0Mi of Riemannian manifolds is a product of isometric
immersions fi: Mi → R
mi , 0 ≤ i ≤ r, with respect to some orthogonal decomposition
RN = ⊕ri=0R
mi , whenever the second fundamental form of f is adapted to the product
structure of Mn, i.e., the tangent spaces to each factor are preserved by all shape
operators.
A significant generalization of Moore’s theorem was obtained by No¨lker [7]. Un-
der the same assumption on the second fundamental form, he proved that an isometric
immersion f : Mn → QNǫ into a simply connected space form of constant sectional curva-
ture ǫ ∈ {−1, 0, 1} of a warped product Mn =M0 ×ρ Π
r
a=1Ma of Riemannian manifolds
splits as a warped product of isometric immersions fi: Mi → Ni, 0 ≤ i ≤ r, with respect
to some warped product representation ψ: N0 ×σ Π
r
a=1Na → Q
N
ǫ .
∗Partially supported by CNPq grant 311800/2009-2 and FAPESP grant 2011/21362-2.
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Our aim in this paper is to prove a general decomposition theorem for immersions of
product manifolds that is a far-reaching generalization of No¨lker’s theorem. Namely, we
consider product manifolds Mn = Πri=0Mi endowed with a broad class of metrics that
we call polar. These are metrics of the type
g = π∗0g0 +
r∑
a=1
π∗a(ga ◦ π0)
where πi: M → Mi, 0 ≤ i ≤ r, is the canonical projection, g0 is a Riemannian metric
on M0 and ga, 1 ≤ a ≤ r, are smooth families of metrics on Ma parametrized by M0.
Polar metrics include product and warped product metrics as special cases. More
generally, given Riemannian manifolds M0, . . . ,Mr with metrics g0, . . . , gr, respectively,
a metric g on Mn = Πri=0Mi is called a quasi-warped product of g0, . . . , gr with warping
functions ρa:M0 ×Ma → R+, 1 ≤ a ≤ r, if
g = π∗0g0 +
r∑
a=1
(ρa ◦ π0,a)
2π∗aga,
where π0,a: M
n →M0 ×Ma is the projection. Warped product metrics
g = π∗0g0 +
r∑
a=1
(ρa ◦ π0)
2π∗aga
correspond to the case in which the warping functions ρa are defined on M0. In partic-
ular, if all ρa are identically one then g is the Riemannian product of g0, . . . , gr.
Therefore, a quasi-warped (respectively, warped, Riemannian) product metric g on
Mn = Πri=0Mi is a polar metric for which all metrics ga onMa, 1 ≤ a ≤ r, are conformal
(respectively, homothetical, isometric) to a fixed Riemannian metric.
We prove a de Rham type theorem characterizing Riemannian manifolds that can be
locally decomposed as a product manifold endowed with a polar metric (see Theorem 7).
This can be regarded as a generalization of the local version of de Rham theorem, as
well as its extensions by Hiepko [4] and the author [9], respectively, for warped product
and quasi-warped product metrics.
For a product manifold endowed with a polar metric, our main result gives a complete
description of all its isometric immersions into QNǫ whose second fundamental forms
are adapetd to its product structure (see Theorem 16 and Corollary 20 for the case
of products with two factors, and Theorems 21 and 23 for the general case). The
description relies on the concept of partial tube introduced by Carter and West [2]
(see Subsection 3.2). As a corollary, we obtain a decomposition theorem for isometric
immersions into QNǫ of quasi-warped product manifolds (see Theorems 32 and 34). Then
we show how No¨lker’s theorem can be easily derived from the latter as a special case.
As a consequence of our results, we obtain all representations of QNǫ as a product
manifold endowed with either a polar or a quasi-warped product metric, i.e., all local
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isometries ψ: Πri=0Ni → Q
N
ǫ of such a product manifold into Q
N
ǫ . This generalizes
No¨lker’s classification of the so-called warped product representations of QNǫ , i.e., local
isometries ψ: Πri=0Ni → Q
N
ǫ of a warped product manifold into Q
N
ǫ .
We conclude the paper with an application to submanifolds with flat normal bundle
of QNǫ . This includes a classification of surfaces with flat normal bundle of Q
N
ǫ without
umbilical points whose curvature lines of one family are geodesics.
2 Metrics on product manifolds
Our aim in this section is to characterize polar metrics on a product manifold Mn =
Πri=0Mi in terms of the geometry of the product net of M
n. By a net E = (Ei)i=0,...,r on
a connected manifold Mn we mean a splitting TM = ⊕ri=0Ei of its tangent bundle by a
family of integrable subbundles. The product net on a product manifold Mn = Πri=0Mi
is the canonical net on Mn determined by the tangent spaces to the factors. If Mn is a
Riemannian manifold and the subbundles of the net E are mutually orthogonal then E
is said to be an orthogonal net.
2.1 Polar metrics
Given a product manifold Mn = Πri=0Mi, for each 0 ≤ i ≤ r we denote
M⊥i = M0 × · · · × Mˆi × · · · ×Mr,
where the hat over a term indicates that it is missing. The canonical projections of Mn
onto Mi and M⊥i are denoted by πi and π⊥i , respectively.
For p¯ = (p¯0, . . . , p¯r) ∈ M
n, let τ p¯i :Mi → M
n denotes the inclusion of Mi into M
n
given by
τ p¯i (pi) = (p¯0, . . . , pi, . . . , p¯r).
Also, for any fixed p¯i ∈ Mi the map µp¯i:M⊥i →M
n stands for the inclusion of M⊥i into
Mn given by
µp¯i(p0, . . . , pˆi, . . . , pr) = (p0, . . . , p¯i, . . . , pr).
Clearly, if r = 1 then for any p¯ = (p¯0, p¯1) ∈ M
n = M0 ×M1 we have τ
p¯
0 = µp¯1 and
τ p¯1 = µp¯0.
The next lemma characterizes the Riemannian metrics on a product manifold M for
which the product net of M is an orthogonal net.
Lemma 1. Let Mn = Πri=0Mi be a product manifold, let E = (Ei)i=0,...,r be its product
net and let g be a Riemannian metric on Mn. Then E is an orthogonal net with respect
to g if and only if for each 0 ≤ i ≤ r there exists a smooth family gi of metrics on Mi
parametrized by M⊥i such that
g =
r∑
i=0
π∗i (gi ◦ π⊥i). (1)
3
Proof: Given X ∈ TM , let X i denote its Ei-component. Then, E is an orthogonal net
with respect to g if and only if
g(p)(X, Y ) =
r∑
i=0
g(p)(X i, Y i) (2)
for any p ∈ Mn and for all X, Y ∈ TpM .
Given p = (p0, . . . , pr) ∈ M
n, set pi = π⊥i(p) and let gi(p
i) = τ pi
∗g be the metric on
Mi induced by τ
p
i . Then, for any X, Y ∈ TpM we have
g(p)(X i, Y i) = g(p)((τ pi ◦ πi)∗X
i, (τ pi ◦ πi)∗Y
i) = gi(p
i)(πi∗X
i, πi∗Y
i)
= gi(p
i)(πi∗X, πi∗Y ) = π
∗
i (gi(p
i))(X, Y ),
thus (2) is equivalent to (1).
To proceed we need a well known characterization of the second fundamental form
of an isometric immersion.
Let f :Mn → M˜m be an isometric immersion between Riemannian manifolds. A
smooth variation of f is a smooth mapping F : I ×Mn → M˜m, where 0 ∈ I ⊂ R is an
open interval, such that
ft = F (t, ·):M
n → M˜m
is an immersion for any t ∈ I and f0 = f .
Let ∂/∂t denote the canonical vector field along the I factor and set
T = F∗∂/∂t|t=0
regarded as a section of f ∗TM˜ . We say that F is a normal variation if the variational
vector field T is everywhere normal to f .
Proposition 2. Let F : I ×Mn → M˜m be a smooth normal variation of f . Then
d
dt
|t=0〈ft∗X, ft∗Y 〉 = −2〈α(X, Y ), T 〉 for all X, Y ∈ TM,
where α: TM × TM → NfM is the second fundamental form of f with values in the
normal bundle.
Proof: Consider the canonical extensions of X, Y over I ×Mn and note that
[X, ∂/∂t] = 0 = [Y, ∂/∂t].
Then,
d
dt
〈ft∗X, ft∗Y 〉 = 〈∇˜∂/∂tF∗X,F∗Y 〉+ 〈F∗X, ∇˜∂/∂tF∗Y 〉
= 〈∇˜XF∗∂/∂t, F∗Y 〉+ 〈F∗X, ∇˜XF∗∂/∂t〉.
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Hence, using the Weingarten formula we obtain
d
dt
|t=0〈ft∗X, ft∗Y 〉 = −〈f∗ATX, f∗Y 〉 − 〈f∗X, f∗ATY 〉 = −2〈α(X, Y ), T 〉.
We call a metric g on a product manifold M0 ×M1 polar if there exist a metric g0
on M0 and a smooth family g1 of metrics on M1 parametrized by M0 such that
g = π∗0g0 +
r∑
a=1
π∗1(g1 ◦ π0).
The terminology is explained by Example 6 in the next subsection.
Proposition 3. A metric g on a product manifold M = M0 ×M1 is polar if and only
if the product net E = (E0, E1) of M is an orthogonal net and E0 is totally geodesic.
Recall that a subbundle E of the tangent bundle of a Riemannian manifold is said to
be totally geodesic if ∇XY ∈ Γ(E) for all X, Y ∈ Γ(E). Here, for any vector subbundle
F of a vector bundle, we denote by Γ(F ) the space of its local smooth sections.
Proof: We already know from Lemma 1 that E is an orthogonal net with respect to g
if and only if g is a metric of type (1). Given p1 ∈ M1, let g0(p1) be the metric on
M0 induced by the inclusion µp1: M0 → M0 ×M1. It follows from Proposition 2 that
the metrics g0(p1), p1 ∈ M1, all coincide if and only if µp1 is totally geodesic for any
p1 ∈M1. Thus, a metric g of type (1) is polar if and only if E0 is totally geodesic.
As defined in the introduction, for a product manifoldMn = Πri=0Mi with arbitrarily
many factors we call a metric g onMn polar if there exist a metric g0 onM0 and smooth
families ga of metrics on Ma parametrized by M0, 1 ≤ a ≤ r, such that
g = π∗0g0 +
r∑
a=1
π∗a(ga ◦ π0).
Proposition 4. Let g be a Riemannian metric on a product manifold Mn = Πri=0Mi.
Then the following assertions are equivalent:
(i) g is a polar metric;
(ii) The product net E = (Ei)i=0,...,r of M
n is an orthogonal net with respect to g such
that E⊥a is totally geodesic for all 1 ≤ a ≤ r;
(iii) g is a polar metric on Mn, regarded as the product Mn = M⊥a × Ma, for all
1 ≤ a ≤ r.
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Proof: The equivalence between (ii) and (iii) follows from Proposition 3. The condition
in (iii) is equivalent to g being a metric of type (1) with the property that the metrics
induced on the leaves of the product foliation of Mn correspondent to M⊥a coincide.
Since a leaf of the product foliation of Mn correspondent to Mi is contained in the leaf
correspondent to M⊥j for any j 6= i, it follows that this property is satisfied if and
only if the metrics induced on the leaves of the product foliation of Mn correspondent
to Mi, i 6= 0, do not depend on j for every 1 ≤ j ≤ r with j 6= i, whereas all those
correspondent toM0 coincide. These are the conditions for g to be a polar metric. Thus
(i) and (iii) are equivalent.
For later use, we state a characterization obtained in [9] of the additional geometric
properties that the product net of a product manifold must have with respect to a
Riemannian metric g in order that g be a quasi-warped product metric.
A subbundle E of the tangent bundle of a Riemannian manifold is said to be umbilical
if there exists a vector field η in E⊥, called the mean curvature normal of E, such that
〈∇XY, Z〉 = 〈X, Y 〉〈η, Z〉 for all X, Y ∈ Γ(E), Z ∈ Γ(E
⊥).
Proposition 5. A Riemannian metric g on a product manifold Mn = Πri=0Mi is a
quasi-warped product metric if and only if the product net E = (Ei)i=0,...,r of M
n is an
orthogonal net such that Ea is umbilical and E
⊥
a is totally geodesic for all 1 ≤ a ≤ r.
Warped product metrics (respectively, product metrics) on Mn = Πri=0Mi are simi-
larly characterized by replacing the word ”umbilical” by ”spherical” (respectively, ”to-
tally geodesic”) in the previous statement (see [4]). That a subbundle E of the tangent
bundle of a Riemannian manifold is spherical means that it is umbilical and, in addition,
its mean curvature normal η satisfies
〈∇Xη, Z〉 = 0, for all X ∈ Γ(E), Z ∈ Γ(E
⊥).
2.2 A de Rham type theorem
In order to state a precise de Rham-type characterization of Riemannian manifolds that
can be locally decomposed as a product manifold endowed with a polar metric, we
introduce some further terminology (following [8]).
A C∞-map ψ: M → N between two netted manifolds (M, E), (N,F), that is, C∞-
manifolds M,N equipped with nets E = (Ei)i=0,...,k and F = (Fi)i=0,...,k, respectively, is
called a net morphism if ψ∗Ei(p) ⊂ Fi(ψ(p)) for all p ∈ M , 0 ≤ i ≤ k, or equivalently,
if for any p ∈ M the restriction ψ|LEi (p) to the leaf of Ei through p is a C
∞-map into the
leaf LFi (ψ(p)) of Fi through ψ(p). The net morphism ψ is said to be a net isomorphism
if, in addition, it is a diffeomorphism and ψ−1 is also a net morphism. A net E on M
is said to be locally decomposable if for every point p ∈ M there exist a neighborhood
U of p in M and a net isomorphism ψ from (U, E|U) onto a product manifold Π
k
i=0Mi.
The map ψ−1: Πki=0Mi → U is called a product representation of (U, E|U).
6
Example 6. Let G be a closed subgroup of the isometry group of a complete Rieman-
nian manifold M acting polarly on M . This means that there exist complete subman-
ifolds of M , called sections, that meet every orbit orthogonally. This turns out to be
equivalent to the distribution H of normal spaces to the maximal dimensional orbits to
be integrable, in which case H is easily seen to be totally geodesic.
Fix a G-regular point p¯ ∈ M and let Σ be the section through p¯. Then the map
ψ: M¯ = Σ×Gp¯→Mr, onto the regular part of M , given by
ψ(p0, gp¯) = g(p0),
is a local diffeomorphism which is a net morphism with respect to the product net
of Σ × Gp¯ and the orthogonal net (H,V) on Mr given by its horizontal and vertical
distributions H and V = H⊥, respectively. Since H is totally geodesic, it follows from
Proposition 3 that the metric on M¯ induced by ψ is polar.
Theorem 7. Let M be a Riemannian manifold with an orthogonal net E = (Ei)i=0,...,k
such that E⊥a is totally geodesic for each 1 ≤ a ≤ r. Then, for every point p ∈ M there
exists a local product representation ψ: Πki=0Mi → U of E with p ∈ U ⊂M , which is an
isometry with respect to a polar metric on Πki=0Mi.
Theorem 7 is a consequence of Proposition 4 and the following basic criterion for
local decomposability of a net on an arbitrary C∞-manifold (cf. Theorem 1 of [8]).
Proposition 8. [8] A net E = (Ei)i=0,...,k on a C
∞-manifold is locally decomposable if
and only if E⊥i := ⊕j 6=iEi is integrable for i = 0, . . . , k.
3 Immersions of product manifolds
In this section, we prove a general decomposition theorem for immersions into space
forms of product manifolds endowed with polar metrics (see Theorem 16 and Corol-
lary 20 below for the case of products with two factors and Theorems 21 and 23 for the
general case).
For the convenience of the reader, we have included two preliminary subsections. In
the first one we introduce basic definitions on products of immersions and state Moore’s
decomposition theorem [5], as well as its extension due to Molzan [6] for isometric
immersions into the sphere and hyperbolic space. The second one is devoted to a
special case of the notion of a partial tube introduced by Carter and West [2], on which
our result relies.
3.1 Products of immersions
Given immersions fi:M
ni
i → R
mi, 0 ≤ i ≤ r, their product is the map
f = f0 × · · · × fr:M
n = Πri=0M
ni
i → R
N = Πri=0R
mi
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given by
f(p0, . . . , pr) = (f0(p0), . . . , fr(pr)).
If fi(M
ni
i ) is contained in a hypersphere S
mi−1(Ri) of radius Ri centered at the origin,
0 ≤ i ≤ r, then f(Mn) is contained in the hypersphere SN−1(R) centered at the origin
of radius R given by R2 =
∑r
i=0R
2
i . If f is regarded as an immersion into S
N−1(R) and
fi as an immersion into S
mi−1(Ri) for 0 ≤ i ≤ r, then f is called the extrinsic product
of f0, . . . , fr.
In a similar way, let HN−1(R) denote the hyperbolic space
HN−1(R) = {X = (x1, . . . , xn) ∈ L
N : 〈X,X〉 = −
1
R2
, x1 > 0}
of constant sectional curvature −1/R2, where LN is Lorentz space of dimension N .
Given an orthogonal decomposition
LN = Lm0 ×Πra=1R
ma
one can define the extrinsic product
f : Mn = Πri=0M
ni
i → H
N−1(R) ⊂ LN
of immersions f0: M
n0
0 → H
m0−1(R0) ⊂ L
m0 and fa: M
na
a → S
ma−1 ⊂ Rma , 1 ≤ a ≤ r,
with −R2 = −R20 +
∑r
a=1R
2
a.
A few elementary properties of a product
f = f0 × · · · × fr:M
n = Πri=0M
ni
i → R
N = Πri=0R
mi
of immersions fi:M
ni
i → R
mi , 0 ≤ i ≤ r, are collected in the next proposition.
Proposition 9. The following holds:
(i) The differential of f at any p = (p0, . . . , pr) ∈M
n is given by
f∗τ
p
i ∗Xi = fi∗Xi for any Xi ∈ TpiMi, 0 ≤ i ≤ r.
(ii) The map f is an immersion whose induced metric is the Riemannian product of
the Riemannian metrics on Mi induced by fi, 0 ≤ i ≤ r.
(iii) The normal space of f at p is
NfM(p) = ⊕
r
i=0NfiMi(pi).
(iv) The second fundamental form of f at p is given by
αf(τ
p
i ∗Xi, τ
p
j∗Xj) = 0 for any Xi ∈ TpiMi, Xj ∈ TpjMj , i 6= j,
αf (τ
p
i∗Xi, τ
p
i∗ Yi) = αfi(Xi, Yi) for all Xi, Yi ∈ TpiMi,
or equivalently,
Afξ τ
p
i∗ = τ
p
i ∗A
fi
ξi
, 0 ≤ i ≤ r, for all ξ = ξ0 + . . .+ ξr ∈ NfM. (3)
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The second fundamental form α of an isometric immersion f :Mn → RN is said to
be adapted to the net E = (Ei)i=0,...,r on M
n if α(Ei, Ej) = 0 for 0 ≤ i 6= j ≤ r. It
follows from part (iv) of Proposition 9 that the second fundamental form of a product
f = f0 × · · · × fr:M
n = Πri=0M
ni
i → R
N = Πri=0R
mi
of isometric immersions fi:M
ni
i → R
mi , 0 ≤ i ≤ r, is adapted to the product net of Mn.
The next useful result due to Moore [5] shows that products of isometric immersions are
characterized by this property among isometric immersions of Riemannian products.
Theorem 10 Let f :Mn = Πri=0M
ni
i → R
N be an isometric immersion of a Riemannian
product whose second fundamental form is adapted to the product net of Mn. Then there
exist an orthogonal decomposition RN = Πri=0R
mi and isometric immersions fi:Mi →
Rmi, 0 ≤ i ≤ r, such that f is the product of f0, . . . , fr.
Moore’s theorem has been generalized by Molzan [6] for isometric immersions into
the sphere and hyperbolic space. For instance, in the latter case his result can be stated
as follows.
Theorem 11 Let f :Mn = Πri=0M
ni
i → H
N (R) be an isometric immersion of a Rie-
mannian product whose second fundamental form is adapted to the product net of Mn.
Then one of the following possibilities holds:
(i) there exist an orthogonal decomposition LN = Lm0 × Πra=1R
ma of Lorentzian
space and isometric immersions f0: M
n0
0 → H
m0−1(R0) ⊂ L
m0 and fa: M
na
a →
Sma−1(Ra) ⊂ R
ma , 1 ≤ a ≤ r, with −R2 = −R20 +
∑r
a=1R
2
a, such that f is the
extrinsic product of f0, . . . , fr.
(ii) there exist an orthogonal decomposition RN−1 = Πri=0R
mi and isometric immer-
sions fi:Mi → R
mi, 0 ≤ i ≤ r, such that f is the composition f = j ◦ f˜ of
f˜ = f0 × · · · × fr with the umbilical inclusion j: R
N−1 → HN(R).
If we regard each fi, 0 ≤ i ≤ r, as an isometric immersion into R
N−1 in part (ii) and
consider its composition f˜i = j ◦ fi with the umbilical inclusion j, then we also say that
f is the extrinsic product of f˜0, . . . , f˜r.
3.2 Partial tubes
Now we recall a special case of the notion of partial tube introduced in [2] (see also [1]).
Let f1:M1 → R
N be an immersion. Assume there is an orthonormal set {ξ1, . . . , ξs}
of parallel normal vector fields along f1. In particular, the vector subbundle E =
span{ξ1, . . . , ξs} of Nf1M1 is parallel and flat, hence the map φ:M1 × R
s → E given by
φp1(y) = φ(p1, y) =
s∑
i=1
yiξi(p1)
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for p1 ∈ M1 and y = (y1, . . . , ys) ∈ R
s, is a parallel vector bundle isometry. Given an
immersion f0:M0 → R
s, let f :M0 ×M1 → R
N be defined by
f(p0, p1) = f1(p1) + φp1(f0(p0)).
If f is an immersion, then it is called the partial tube over f1 with fiber f0, or the partial
tube determined by (f0, f1, φ).
Remark 12. If f is a partial tube determined by (f0, f1, φ) as above, then one can
always assume that f0 is a substantial immersion, i.e., that f0(M0) is not contained in
any affine subspace of Rs. For if f0(M0) is contained in the affine subspace v+R
ℓ ⊂ Rs
then one can replace f1 by its parallel immersion
p1 ∈M1 7→ f1(p1) + φp1(v),
and then φ by its restriction to M1 × R
ℓ.
Proposition 13. With f0, f1, f and φ as above, the following holds:
(i) The differential of f at p = (p0, p1) is given by
f∗τ
p
0∗X0 = φp1(f0∗X0), for X0 ∈ Tp0M0, (4)
and
f∗τ
p
1∗X1 = f1∗(I −A
f1
φp1 (f0(p0))
)X1, for X1 ∈ Tp1M1. (5)
(ii) The map f is an immersion at p if and only if
P (p0, p1) = I − A
f1
φp1 (f0(p0))
is an invertible endomorphism of Tp1M1.
(iii) If f is an immersion at p then
NfM(p) = E(p1)
⊥ ⊕ φp1(Nf0M0(p0)) ⊂ Nf1M1(p1),
where E(p1)
⊥ is the orthogonal complement of E(p1) in Nf1M1(p1).
(iv) If f is an immersion at p then
Afξ (p)τ
p
1∗ = τ
p
1∗ P (p0, p1)
−1Af1ξ (p1), for ξ ∈ NfM(p), (6)
Afδ (p)τ
p
0∗ = 0, for δ ∈ E(p1)
⊥, (7)
and
Afφp1 (ζ)
(p)τ p0∗ = τ
p
0∗A
f0
ζ (p0), for ζ ∈ Nf0M0(p0). (8)
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Proof: The proofs of (4) and (5) are straightforward, and the assertions in (ii) and (iii)
are immediate consequences of those formulas. To prove (6), given ξ ∈ NfM(p) and
X1 ∈ Tp1M1, let γ: J → M1 be a smooth curve with 0 ∈ J , γ(0) = p1 and γ
′(0) = X1.
Let ξ(t) be the parallel transport of ξ along the curve τ p1 ◦ γ. Then, using (5) we obtain
−f∗(p)A
f
ξ (p)τ
p
1∗X1 = ∇˜τp1∗X1ξ =
d
dt
|t=0ξ(p0, γ(t)) = −f1∗(p1)A
f1
ξ (p1)X1
= −f∗(p0, p1)τ
p
1∗ P (p0, p1)
−1Af1ξ (p1)X1.
The proofs of (7) and (8) are similar.
As a consequence of part (ii) of the preceding proposition, we have the following
necessary and sufficient condition for f to be an immersion.
Corollary 14. The map f is an immersion if and only if f0(M0) ⊂ Ω(f1;φ), where
Ω(f1;φ) = {Y ∈ R
s : (I − Af1φp1 (Y )
) is nonsingular for any p1 ∈M1}.
To give a better description of the subset Ω(f1;φ), let η1, . . . , ηk ∈ E be the distinct
principal normal vector fields of f1 with respect to E. Thus, there exists an orthogonal
decomposition TM1 = ⊕
k
i=1Ei such that A
f1
ζ |Ei = 〈ζ, ηi〉I for any ζ ∈ E. Therefore,
(I −Af1φp1 (Y )
) is nonsingular if and only if 〈φp1(Y ), ηi(p1)〉 6= 1 for any 1 ≤ i ≤ k, that is,
if and only if φp1(Y ) does not belong to any of the focal hyperplanes
Hf1i (p1) = {ζ ∈ Nf1M1(p1) : 〈ζ, ηi(p1)〉 = 1}, 1 ≤ i ≤ k.
We conclude that
Ω(f1;φ) = R
s \
( ⋃
p1∈M1
k⋃
i=1
φ−1p1 (H
f1
i (p1))
)
.
Another consequence of Proposition 13 is the following.
Corollary 15. The metric induced by f is a polar metric. More precisely,
g = π∗0g0 + π
∗
1(g1 ◦ π0),
where g0 is the metric on M0 induced by f0 and, for any p = (p0, p1) ∈ M0 ×M1, the
metric g1(p0) on M1 is given in terms of the metric g1 induced by f1 by
g1(p0)(X1, Y1) = g1(P (p0, p1)X1, P (p0, p1)Y1) (9)
for all X1, Y1 ∈ Tp1M1. Moreover, the second fundamental form of f is adapted to the
product net of M0 ×M1.
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3.3 The decomposition theorem
The following converse of Corollary 15 (and its general version in Subsection 3.5 ) is the
main result of this paper.
Theorem 16. Let Mn =M0×M1 be a product manifold endowed with a polar metric.
Let f :Mn → RN be an isometric immersion whose second fundamental form is adapted
to the product net. Then, there exist an immersion f1: M1 → R
N , a parallel vector bun-
dle isometry φ:M1×R
s → E onto a flat parallel subbundle of Nf1M1 and an immersion
f0:M0 → Ω(f1;φ) ⊂ R
s such that f is the partial tube determined by (f0, f1, φ).
For the proof of Theorem 16 we need the following lemma.
Lemma 17. Let f :Mn → RN be an isometric immersion and let D be a vector sub-
bundle of TM . Then the following conditions on D are equivalent:
(i) D is totally geodesic and αf is adapted to (D,D
⊥).
(ii) D is integrable and f∗D
⊥ is constant in RN along each leaf of D.
Proof: If D is integrable, then the subbundle f∗D
⊥ is constant in RN along each leaf of
D if and only if
∇˜Xf∗Y ∈ f∗D
⊥
for any X ∈ Γ(D) and Y ∈ Γ(D⊥). Since
∇˜Xf∗Y = f∗∇XY + α(X, Y ),
this is the case if and only if ∇XY ∈ Γ(D
⊥) and αf (X, Y ) = 0, that is, if and only if
the conditions in (i) hold.
Proof of Theorem 16: For a fixed p¯0 ∈ M0, define f1:M1 → R
N by f1 = f ◦ µp¯0. Let
E = (E0, E1) be the product net of M
n. Given p1 ∈M1, it follows from Lemma 17 that
the image by f of the leaf M0 × {p1} of E0 is contained in the affine normal space of f1
at p1, that is,
f(p0, p1) ∈ f1(p1) +Nf1M1(p1) for every p0 ∈M0.
Hence, for each p0 ∈M0 we can regard
p1 ∈M1 7→ ξ
p0(p1) := f(p0, p1)− f1(p1)
as a normal vector field along f1. Let X1 ∈ Tp1M1. Again from Lemma 17, we obtain
∇˜X1ξ
p0 = f∗(p0, p1)µp0∗X1 − f∗(p¯0, p1)µp¯0∗X1 ∈ f∗(p¯0, p1)E1(p¯0, p1) = f1∗Tp1M1.
Hence ξp0 is a parallel normal vector field along f1. For a fixed p1 ∈ M1, set
E(p1) = span{ξ
p0(p1) : p0 ∈M0}.
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Then, for any pair of points p1, p˜1 ∈ M1, parallel transport in the normal connection
of f1 along any curve joining p1 and p˜1 takes E(p1) onto E(p˜1). Thus, such subspaces
define a parallel flat normal subbundle E of Nf1M1, and hence there exists a parallel
vector bundle isometry φ:M1 × R
s → E.
Define f0:M0 → R
s by φp1(f0(p0)) = ξ
p0(p1). Then
f(p0, p1) = f1(p1) + φp1(f0(p0))
for all (p0, p1) ∈M
n. Moreover, from
f∗(p0, p1)µp1∗X0 = φp1(f0∗X0) for any X0 ∈ Tp0M0
it follows that f0 is an immersion.
In view of Theorem 7, one can also state Theorem 16 as follows.
Corollary 18. Let f : Mn → RN be an isometric immersion of a Riemannian manifold
that carries an orthogonal net E = (E0, E1) with E0 totally geodesic. Assume that the
second fundamental form of f is adapted to E . Then, there exist locally a product repre-
sentation ψ: M0×M1 → M of E , an immersion f1: M1 → R
N , a parallel vector bundle
isometry φ:M1 × R
s → E onto a flat parallel subbundle of Nf1M1 and an immersion
f0:M0 → Ω(f1;φ) ⊂ R
s such that f ◦ ψ is the partial tube determined by (f0, f1, φ).
For instance, Corollary 18 implies that any surface with flat normal bundle in RN
whose curvature lines of one family are geodesics is locally generated by parallel trans-
porting a smooth curve in a normal space of another smooth curve with respect to the
normal connection of the latter. Surfaces in R3 with this property are known in the
classical literature as moulding surfaces. More precisely, we have the following.
Corollary 19. Let f : M2 → RN be a surface with flat normal bundle free of umbilical
points. Let E = (E0, E1) be the orthogonal net on M
2 determined by its curvature lines.
Assume that those correspondent to E0 are geodesics. Then, there exist locally a product
representation ψ: I × J → M2 of E , where I, J ⊂ R are open intervals, a smooth
curve β: J → RN , a parallel vector bundle isometry φ: J × Rs → E onto a flat parallel
subbundle E of NβJ and a smooth curve α: I → Ω(β;φ) ⊂ R
s such that f ◦ ψ is the
partial tube determined by (α, β, φ).
3.4 Partial tubes in the sphere and hyperbolic space
The results of the previous sections can be easily extended to immersions into the sphere
and hyperbolic space.
Let EN denote either Euclidean space RN or Lorentzian space LN . Denote byQN−1ǫ ⊂
EN either the sphere SN−1 or hyperbolic space HN−1, according as ǫ = 1 or ǫ = −1,
respectively. Let f1:M1 → E
N be an immersion such that f1(M1) is contained in
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QN−1ǫ ⊂ E
N . Suppose E is a parallel flat normal subbundle of Nf1M1 with rank s
having the position vector field f1 as a section and let φ:M1 × E
s → E be a parallel
vector bundle isometry. Let f0:M0 → E
s be an immersion with
f0(M0) ⊂ (e1 + Ω(f1, φ)) ∩Q
s−1
ǫ ,
where e1 ∈ E
s is such that f1(p1) = φp1(e1) for any p1 ∈ M1. Define f :M0 ×M1 → E
N
by
f(p0, p1) = φp1(f0(p0)). (10)
Corollary 20. The map f is an immersion into QN−1ǫ whose induced metric is polar
and whose second fundamental form is adapted to the product net. Conversely, any
immersion f :M0 ×M1 → Q
N−1
ǫ ⊂ E
N with these properties is given in this way.
Proof: Since f0(M0) ⊂ Q
s−1
ǫ and φp1: E
s → E(p1) is a linear isometry for any p1 ∈ M1,
it follows that f(M) ⊂ QN−1ǫ . We can write
f(p0, p1) = f1(p1) + φp1(f˜0(p0)), (11)
where f˜0(p0) = f0(p0)−e1. Then, the condition f0(M0) ∈ (e1+Ω(f1, φ)) is equivalent to
f˜0(M0) ∈ Ω(f1, φ). Hence f is an immersion, the partial tube determined by (f˜0, f1, φ).
In particular, the metric induced by f is polar and the second fundamental form of f is
adapted to the product net of M0 ×M1 by Corollary 15.
Conversely, if f :M0 ×M1 → Q
N−1
ǫ ⊂ E
N is an immersion with these properties, by
Theorem 16 there exist an immersion f1: M1 → E
N , a parallel vector bundle isometry
φ:M1 × E
s → E onto a flat parallel subbundle of Nf1M1 and an immersion f˜0:M0 →
Ω(f1;φ) ⊂ E
s such that f is the partial tube determined by (f˜0, f1, φ). Thus f is given
by (11).
Moreover, by the proof of Theorem 16 we may take f1 as f1 = f ◦ µp¯0 for some
p¯0 ∈ M0, thus f1(M1) ⊂ Q
N−1
ǫ . Then, since the position vector is a parallel normal
vector field, we can assume that E(p1) contains f1(p1) for any p1 ∈M1.
Setting f1(p1) = φp1(e1) for a unit vector e1 ∈ E
s, we obtain from (11) that f is
given by (10) for f0:M0 → E
s defined by f0 = f˜0 + e1. Finally, since f(M) ⊂ Q
N−1
ǫ , it
follows from (10) that f0(M0) ⊂ Q
s−1
ǫ .
In particular, from Corollary 20 one can write down the analogues of Corollaries 18
and 19 for the sphere and hyperbolic space, respectively.
3.5 A general version of the decomposition theorem
In order to state and prove general versions of Corollary 15 and Theorem 16, consider
a product
f˜ = f1 × · · · fr: M˜ = Π
r
a=1Ma → Π
r
a=1R
na = RN
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of immersions fa: Ma → R
na , 1 ≤ a ≤ r, such that Nf˜M˜ carries a flat parallel subbundle
E. Let φ: M˜ ×Rs → E be a parallel vector bundle isometry, let f0:M0 → Ω(f˜ ;φ) ⊂ R
s
be an immersion and let f :M = Πri=0Mi → R
N be the partial tube determined by
(f0, f˜ , φ).
Theorem 21. The metric induced on M by f is polar and the second fundamental form
of f is adapted to the product net. Conversely, any immersion f :M = Πri=0Mi → R
N
with these properties is given in this way.
Proof: RegardM as the productM = M0×M˜ and denote by π˜: M → M˜ the projection.
By Corollary 15, the metric induced by f is given by
g = π∗0g0 + π˜
∗(g˜ ◦ π0), (12)
where g0 is the metric on M0 induced by f0 and, for any p = (p0, p˜) ∈ M = M0 × M˜ ,
the metric g˜(p0) on M˜ is given in terms of the metric g˜ induced by f˜ by
g˜(p0)(X˜, Y˜ ) = g˜((I −A
f˜
φp˜(f0(p0))
)X˜, (I − Af˜φp˜(f0(p0)))Y˜ )
for all X˜, Y˜ ∈ Tp˜M˜ .
Since E is a flat parallel subbundle of Nf˜M˜ , so are its projections Ea onto NfaMa
for 1 ≤ a ≤ r. Then, there exist parallel vector bundle isometries φa:Ma × R
ma → Ea,
1 ≤ a ≤ r, such that φ is the restriction to M˜×Rs of the parallel vector bundle isometry
φ˜: M˜ × Rℓ → ⊕ra=1Ea, with R
ℓ = Πra=1R
ma , given by
φ˜p˜
r∑
a=1
va =
r∑
a=1
φap˜ava, for any p˜ = (p˜1, . . . , p˜r) ∈ M˜. (13)
We denote by π˜a either of the projections ⊕
r
a=1Ea 7→ Ea, Π
r
a=1R
ma 7→ Rma and
M˜ 7→ Ma. Also, given p˜ = (p˜1, . . . , p˜r) ∈ M˜ , then τ˜
p˜
a :Ma → M˜ stands for the inclusion
given by
τ˜ p˜a (pa) = (p˜1, . . . , pa, . . . , p˜r).
From (3) we have
f˜∗A
f˜
φp˜(f0(p0))
τ˜ p˜a ∗ = fa∗A
fa
π˜aφp˜(f0(p0))
= fa∗A
fa
φa
p˜a
(π˜a(f0(p0)))
, 1 ≤ a ≤ r.
Therefore,
f˜∗A
f˜
φp˜(f0(p0))
X˜ =
∑r
a=1 f˜∗A
f˜
φp˜(f0(p0))
X˜a =
∑r
a=1 f˜∗A
f˜
φp˜(f0(p0))
τ˜ p˜a ∗π˜a∗X˜
a
=
∑r
a=1 fa∗A
fa
φap˜a (π˜a(f0(p0)))
π˜a∗X˜
a.
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We obtain that
g˜(p0) =
r∑
a=1
π˜∗aga(p0), (14)
where ga(p0) is the metric on Ma given in terms of the metric ga induced by fa by
ga(p0)(Xa, Ya) = ga((I −A
fa
φa
p˜a
(π˜a(f0(p0)))
)Xa, (I − A
fa
φa
p˜a
(π˜a(f0(p0)))
)Ya)
for all Xa, Ya ∈ Tp˜aMa.
Since π˜a ◦ π˜ = πa for 1 ≤ a ≤ r, we conclude from (12) and (14) that
g = π∗0g0 +
r∑
a=1
π∗a(ga ◦ π0).
The assertion on the second fundamental form of f is a consequence of part (iv) of
Propositions 9 and 13, and the proof of the direct statement is completed.
For the converse, fix p¯0 ∈M0 and set f˜ = f ◦µp¯0. Let E¯ = (E¯a)a=1,...,r be the product
net of M⊥0 . Since E is an orthogonal net and E
⊥
a is totally geodesic for 1 ≤ a ≤ r, these
properties are inherited by E¯ , that is, E¯ is an orthogonal net and E¯⊥a is totally geodesic
for 1 ≤ a ≤ r with respect to the metric on M⊥0 induced by µp¯0. As observed after
Corollary 5, this metric is a product metric.
The second fundamental form αf˜ of f˜ is given by
αf˜(X, Y ) = αf (µp¯0∗X, µp¯0∗ Y ) + f∗ αµp¯0 (X, Y ).
Since 〈∇XbXa, X0〉 = 0 for all Xa ∈ Ea, Xb ∈ Eb, 1 ≤ a 6= b ≤ r, and X0 ∈ E0, because
E⊥a is totally geodesic for 1 ≤ a ≤ r, we have that αµp¯0 is adapted to E¯ . Using this
and the fact that αf is adapted to E , it follows that αf˜ is adapted to E¯ . Hence f˜ is a
product of isometric immersions by Moore’s Theorem 10.
Finally, since E0 = ∩
r
a=1E
⊥
a is totally geodesic, regarding M
n as a product of M0
and M⊥0 we obtain from Theorem 16 that there exist a parallel vector bundle isometry
φ: M˜ × Rs → E onto a flat parallel subbundle of Nf˜M˜ and an immersion f0:M0 →
Ω(f˜ ;φ) ⊂ Rs such that f is the partial tube determined by (f0, f˜ , φ).
As a consequence of Theorem 21, we classify all local representations of Euclidean
space as a product manifold endowed with a polar metric. Given an isometric immersion
f˜ : M → RN , we denote by G: Nf˜M˜ → R
N the end-point map given by
G(v) = f˜(π(v)) + v,
where π: Nf˜M˜ → M˜ is the canonical projection.
Corollary 22. Let f :MN = Πri=0Mi → R
N be a local isometry of a product manifold
endowed with a polar metric. Then, there exist a product
f˜ = f1 × · · ·fr: M˜ = Π
r
a=1Ma → R
N
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of immersions with flat normal bundle, a parallel vector bundle isometry φ: M˜ × Rs →
Nf˜M˜ and a local isometry f0:M0 → Ω(f˜ ;φ) ⊂ R
s such f = G ◦ φ ◦ (f0 × id).
It follows from Corollary 22 that any flat polar metric on a simply connected product
manifold MN = Πri=0Mi arises as the metric induced (on the open subset of regular
points) by the end-point map of the normal bundle of a product of immersions f˜ =
f1 × · · · fr: M˜ = Π
r
a=1Ma → R
N with flat normal bundle.
We conclude this subsection by stating the counterparts of Theorem 21 and Corol-
lary 22 for the sphere and hyperbolic space. Proofs are left to the reader.
Given an extrinsic product
f˜ : M˜ = Πra=1Ma → Q
N−1
ǫ ⊂ E
N ,
let φ:Es × M˜ → E be a parallel vector bundle isometry onto a flat parallel subbundle
of Nf˜M˜ having the position vector as a section. Let e1 ∈ E
s be such that φp˜(e1) = f˜(p˜)
for any p˜ ∈ M˜ , and let f0:M0 → E
s be an immersion such that
f0(M0) ⊂ (e1 + Ω(f˜ ;φ)) ∩Q
s−1
ǫ .
Define f : M = Πri=0Mi = M0 × M˜ → E
N by
f(p0, p˜) = φp˜(f0(p0)). (15)
Theorem 23. The map f is an immersion taking values in QN−1ǫ whose induced met-
ric is polar and whose second fundamental form is adapted to the product net of M .
Conversely, any map f : Πri=0Mi → Q
N−1
ǫ with these properties is given in this way.
The next corollary implies that any polar metric of constant sectional curvature
ǫ ∈ {−1, 1} on an N -dimensional simply connected product manifold Πri=0Mi arises as
the induced metric on the (open subset of regular points of the) unit normal bundle of
an extrinsic product f˜ : Πra=1Ma → Q
N
ǫ ⊂ E
N+1 with flat normal bundle.
Corollary 24. Let f :MN = Πri=0Mi → Q
N
ǫ be a local isometry of a product manifold
with a polar metric. Then, there exist an extrinsic product f˜ : M˜ = Πra=1Ma → Q
N
ǫ ⊂
EN+1 with flat normal bundle, a parallel vector bundle isometry φ: M˜ ×Es → Nf˜M˜ and
a local isometry f0:M0 → (e1 + Ω(f˜ ;φ)) ∩ Q
s−1
ǫ ⊂ E
s, where φp˜(e1) = f˜(p˜) for any
p˜ ∈ M˜ , such that f is given by (15).
4 Isometric immersions of quasi-warped products
In this section we use Theorem 16 to prove a decomposition theorem for isometric
immersions of quasi-warped products. Then, we derive No¨lker’s theorem on isometric
immersions of warped products follows as a special case. First we discuss how products
and warped products of immersions can be regarded as partial tubes.
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4.1 Warped products of immersions
Let f1:M1 → R
N be an isometric immersion such that f1(M1) lies in a subspace R
N−s ⊂
RN , 1 ≤ s ≤ N − 1. Let E be the vector subbundle of Nf1M1 whose fiber at any
p1 ∈ M1 is the orthogonal complement R
s of RN−s in RN , and consider the obvious
parallel vector bundle isometry φ:M1 × R
s → E. Notice that Ω(f1, φ) = R
s. Given an
isometric immersion f0:M0 → R
s, the partial tube f : M0 ×M1 → R
N determined by
(f0, f1, φ) is just the product f0 × f1: M0 ×M1 → R
s × RN−s = RN .
Now consider an isometric immersion f1: (M1, g1) → R
N such that f1(M1) is con-
tained in SN−s = SN−1 ∩ RN−s+1, 1 ≤ s ≤ N − 1. Let E be the vector subbundle of
Nf1M1 whose fiber at p1 ∈ M1 is span{f1(p1)} ⊕ R
s−1, where Rs−1 is the orthogonal
complement of RN−s+1 in RN . Let φ:M1×R
s → E be a parallel vector bundle isometry
with φp1(e1) = f1(p1) for some unit vector e1 ∈ R
s and any p1 ∈ M1. Then, for any
Y ∈ Rs we have
Af1φp1 (Y )
= −〈Y, e1〉I,
where I is the identity endomorphism of Tp1M1. In particular,
Ω(f1, φ) = {Y ∈ R
s : 〈Y, e1〉+ 1 6= 0}.
Given an isometric immersion f˜0: (M0, g0) → Ω(f1, φ) ⊂ R
s, let f :M0 ×M1 → R
N be
the partial tube determined by (f˜0, f1, φ). Then
f(p0, p1) = f1(p1) + φp1(f˜0(p0)) = φp1(f0(p0)),
where f0:M0 → R
s is given by f0 = f˜0 + e1. Note that the condition f˜0(M0) ⊂ Ω(f1, φ)
for f to be an immersion reduces to 〈f0(p0), e1〉 6= 0 for every p0 ∈M0.
Proposition 25. The induced metric g onM0×M1 is the warped product of the metrics
g0 and g1 with warping function ρ:M0 → R+ given by ρ(p0) = 〈f0(p0), e1〉.
Proof: By Corollary 15, we have
g = π∗0g0 + π
∗
1(g1 ◦ π0),
with g1(p0) given by (9) for every p0 ∈M0. Thus, it suffices to show that
g1(p0) = ρ
2(p0)g1 for all p0 ∈M0. (16)
Since
Af1
φp1 (f˜0(p0))
= −〈f˜0(p0), e1〉I, for all (p0, p1) ∈M0 ×M1,
we obtain that
I − Af1
φp1 (f˜0(p0))
= ρ(p0)I, for all (p0, p1) ∈M0 ×M1,
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hence (16) follows from (9).
The map f is called the warped product of f0 (or f˜0) and f1. If f1: S
N−s → RN−s+1 ⊂
RN , 2 ≤ s ≤ N−1, is the canonical umbilical inclusion, then f is a rotation submanifold
with f0:M0 → R
s as profile. On the other hand, for s = 1 it reduces to the cone over
f1:M1 → S
N−1. It is convenient to consider also an ordinary product as a warped
product of immersions.
Note that f(M0 ×M1) ⊂ S
N−1 if and only if f0(M0) ⊂ S
s−1 ⊂ Rs. If f , f0 and f1
are regarded as immersions into SN−1, Ss−1 and SN−s+1, respectively, then f is also said
to be the warped product of f0 and f1.
Now assume that f1:M1 → L
N is an isometric immersion such that f1(M1) is con-
tained in the intersection HN−1 ∩V N−s+1 of hyperbolic space HN−1 with an (n− s+1)-
dimensional subspace V N−s+1 of LN . Let E be the vector subbundle of Nf1M1 whose
fiber at p1 ∈M1 is the Lorentzian subspace span{f1(p1)}⊕V
⊥, and let φ:M1×L
s → E
be a parallel vector bundle isometry with φp1(e1) = f1(p1) for some unit vector e1 ∈ L
s
and any p1 ∈ M1. Let f0: M0 → H
s−1 ⊂ Ls be an isometric immersion such that
〈f0, e1〉 6= 0 for all p0 ∈M0. Then, the map f :M0 ×M1 → L
N given by
f(p0, p1) = φp1(f0(p0))
is an immersion and satisfies f(M0 ×M1) ⊂ H
N−1. As in the spherical case, it is called
the warped product of f0 and f1. If f1 is the umbilical inclusion of H
N−1 ∩ V N−s+1
into HN−1, then f is the rotational submanifold with f0 as profile. It is said to be of
spherical, hyperbolic or parabolic type, according as the subspace V is space-like, time-
like or degenerate, respectively. Again, extrinsic products of immersions into the sphere
and hyperbolic space are also considered as warped products of immersions.
4.2 Partial tubes over curves
Consider a unit speed curve γ: I → RN . Let φ: I × Rs → E be a parallel vector bundle
isometry onto a parallel flat vector subbundle E of NγI. Since
Aγφt(Y ) = 〈γ
′′(t), φt(Y )〉I
for all (t, Y ) ∈ I × Rs, it follows that
Ω(γ, φ) = {Y ∈ Rs : 〈γ′′(t), φt(Y )〉 6= 1 for all t ∈ I}.
Equivalently, denoting by
Hγt = {Y ∈ R
N : 〈Y, γ′′(t)〉 = 1}
the focal hyperplane of γ at t, we have
Ω(γ, φ) = Rs \
⋃
t∈I
φ−1t (H
γ
t ).
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Given an isometric immersion f0: (M0, g0) → Ω(γ, φ) ⊂ R
s, let f :M0 ×M1 → R
N be
the partial tube determined by (f0, γ, φ). Arguing as in the proof of Proposition 25, we
obtain the following.
Proposition 26. The induced metric on M0 × I is the quasi-warped product of the
metrics g0 and the standard metric on I with warping function ρ:M0 × I → R+ given
by
ρ(p0, t) = 1− 〈γ
′′(t), φt(f0(p0))〉.
Now suppose that γ: I → EN is a unit speed curve taking values in QN−1ǫ . Let E be a
parallel flat normal subbundle of NγI of rank s having the position vector γ as a section
and let φ: I × Es → E be a parallel vector bundle isometry such that γ(t) = φt(e1) for
every t ∈ I and some unit time-like vector e1 ∈ E
s. Let f0: (M0, g0)→ Q
s−1
ǫ ⊂ E
s be an
isometric immersion such that
ρ(p0, t) := 〈γ
′′(t), φt(f0(p0))〉 6= 0
for all t ∈ I and p0 ∈M0. Define f :M0 × I → E
N by
f(p0, t) = φt(f0(p0)).
We also call f a partial tube over γ with fiber f0.
Proposition 27. The map f takes values in QN−1ǫ and its induced metric is the quasi-
warped product of the metrics g0 and the standard metric on I with warping function ρ.
4.3 Decomposition of isometric immersions of quasi-warped
products
The next result shows that the special cases of partial tubes in the two previous sub-
sections comprise all possible examples of isometric immersions into Euclidean space of
a quasi-warped product manifold with two factors whose second fundamental forms are
adapted to the product structure. The case of arbitrarily many factors is considered in
the next subsection. In the sequel, if ǫ = 0 then QNǫ stands for Euclidean space R
N .
We point out that, if g = π∗0g0+ρ
2π∗1g1 is a quasi-warped product metric onM0×M1,
then we can assume that either g is a Riemannian product metric or ρ does not depend
only on M1. For if ρ = ρ¯ ◦ π1 for some ρ¯ ∈ C
∞(M1), then g is the Riemannian product
of g0 and the metric ρ¯
2g1 on M1. We make this assumption in the following.
Theorem 28. Let f :M = M0×ρM1 → Q
N
ǫ , ǫ ∈ {−1, 0, 1}, be an isometric immersion
of a quasi-warped product whose second fundamental form is adapted to the product net.
Then f is either a warped product of immersions or a partial tube over a curve.
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Proof: We give the proof for Euclidean space, the others being similar. If M is a Rie-
mannian product, we conclude from Moore’s theorem that f is a product of immersions.
In view of the remark in the beginning of this subsection, we assume from now on that
the warping function ρ does not depend only on M1.
Fixed p¯0 ∈ M0, let f1:M1 → R
N be given by f1 = f ◦ µp¯0. Notice that the metric
induced by f1 is g1(p¯0) = ρ
2
p¯0g1, where g1 is the metric on M1 and ρp¯0 = ρ ◦ µp¯0. By
Theorem 16, there exist a parallel vector bundle isometry φ:M1 × R
s → E onto a flat
parallel subbundle of Nf1M1 and an isometric immersion f0:M0 → Ω(f1;φ) ⊂ R
s such
that f is the partial tube determined by (f0, f1, φ). By Remark 12, we can assume that
f0 is substantial in R
s.
By Corollary 15, the metric induced by f is given by
g = π∗0g0 + π
∗
1(g1 ◦ π0),
where g0 is the metric on M0 and, for any p = (p0, p1) ∈M0 ×M1, the metric g1(p0) on
M1 is given in terms of the metric g1(p¯0) induced by f1 by
g1(p0)(X1, Y1) = g1(p¯0)((I − A
f1
φp1(f0(p0))
)X1, (I −A
f1
φp1 (f0(p0))
)Y1)
for all X1, Y1 ∈ Tp1M1. Therefore, we must have
ρ2p0g1(X1, Y1) = g1(p0)(X1, Y1) = ρ
2
p¯0
g1((I − A
f1
φp1 (f0(p0))
)X1, (I − A
f1
φp1(f0(p0))
)Y1)
for all X1, Y1 ∈ Tp1M1, hence
(I − Af1φp1 (f0(p0))
)2 =
ρ2p0(p1)
ρ2p¯0(p1)
I, for all (p0, p1) ∈M0 ×M1. (17)
It suffices to prove that E is an umbilical subbundle of Nf1M1 and that E 6⊂ N
⊥
1 (f1).
For this implies that either M1 is one-dimensional or f1(M1) is contained in an (N − s)-
dimensional sphere SN−s, 1 ≤ s ≤ N − 1, which we can assume to be of unit radius and
centered at the origin of a subspace RN−s+1 ⊂ RN . Moreover, in the latter case E must
be the vector subbundle of Nf1M1 whose fiber at p1 ∈ M1 is spanned by the position
vector f1(p1) and the orthogonal complement R
s−1 of RN−s+1 in RN .
By the assumption on ρ, equation (17) rules out the possibility that E ⊂ N⊥1 (f1).
Let η1, . . . , ηk ∈ E be the distinct principal normal vector fields of f1 with respect to E.
Thus, there exists an orthogonal decomposition TM1 = ⊕
k
i=1Ei such that
Af1ζ |Ei = 〈ζ, ηi〉I
for any ζ ∈ E. We must show that k = 1.
Set λ(p0, p1) = (ρ
2
p0
(p1)/ρ
2
p¯0
(p1))
1/2 and write ηi(p1) = φp1(Vi(p1)). Then (17) can be
written as
(1− 〈f0(p0), Vi(p1)〉)
2 = λ2(p0, p1), for all (p0, p1) ∈M0 ×M1 and 1 ≤ i ≤ k.
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Thus, for each 1 ≤ i ≤ k, either 〈Vi(p1), f0(p0)〉 = 1 + λ(p0, p1) or 〈Vi(p1), f0(p0)〉 =
1 − λ(p0, p1) for all (p0, p1) ∈ M0 × M1. If k > 2, then there exist 1 ≤ i 6= j ≤ k
such that 〈Vi(p1) − Vj(p1), f0(p0)〉 = 0 for any (p0, p1) ∈ M0 ×M1, contradicting the
fact that f0 is substantial in R
s. If k = 2, from 〈V1(p1), f0(p0)〉 = 1 + λ(p0, p1) and
〈V2(p1), f0(p0)〉 = 1 − λ(p0, p1) we obtain that 〈f0(p0), V1(p1) + V2(p1)〉 = 2 for all
(p0, p1) ∈ M0 × M1, also contradicting the fact that f0 is substantial in R
s. Hence
k = 1.
Remark 29. In part (ii) we have, in addition, that f0 is an isometric immersion and
that there exist ρ0 ∈ C
∞(M0) and ρ1 ∈ C
∞(M1) such that ρ = (ρ0 ◦ π0)(ρ1 ◦ π1) and f1
is an isometric immersion with respect to g˜1 = ρ
2
1g1.
No¨lker’s theorem for isometric immersions into space forms of a warped product
manifold with only two factors now follows easily from Theorem 28.
Theorem 30. Any isometric immersion f :M0 ×ρ M1 → Q
N
ǫ of a warped product
manifold whose second fundamental form is adapted to the product net of M0×M1 is a
warped product of immersions.
Proof: Again, we give the proof for Euclidean space, the others being similar. It suffices
to prove that if f is a partial tube over a curve γ: I → RN , then γ(I) is contained in a
sphere of RN , which we can assume to be a hypersphere SN−s of unit radius centered at
the origin of a subspace RN−s+1 ⊂ RN , 1 ≤ s ≤ N − 1, and the fiber at t ∈ I = M1 of
the vector subbundle E of NγI is spanned by the position vector γ(t) and the orthogonal
complement Rs−1 of RN−s+1 in RN .
We can assume that γ = f ◦ µp¯0 for some p¯0 ∈ M0, and hence the fact that γ has
unit speed means that ρ(p¯0) = 1. Then, the assumption on ρ becomes that ρ is not
identically one on M0. By Proposition 26, the warping function ρ:M → R+ is given by
ρ(p0, t) = 1− 〈γ
′′(t), φt(f0(p0))〉. (18)
Since ρ does not depend on t by assumption, differentiating ρ with respect to t and
using that f0 is substantial yields
〈γ′′′(t), ξ〉 = 0 for all t ∈ I and for all ξ ∈ E(t).
Observe also that one can not have γ′′(t) ∈ E⊥(t) at any t ∈ I, for this and (18) would
imply ρ to be identically one.
The result is now a consequence of the next lemma.
Lemma 31. Let γ: I → RN be a unit-speed curve. Assume that there exists a parallel
normal subbundle E of NγI of rank s such that γ
′′′(t) ∈ E(t)⊥ but γ′′(t) 6∈ E(t)⊥ for any
t ∈ I. Then, up to a rigid motion of RN , γ(I) is contained in a hypersphere SN−s(R) of
radius R centered at the origin of a subspace RN−s+1 ⊂ RN , 1 ≤ s ≤ N − 1, and E(t)
is spanned by γ(t) and the orthogonal complement Rs−1 of RN−s+1 in RN .
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Proof: Since γ′′(t) 6∈ E(t)⊥ for any t ∈ I, the orthogonal projection (γ′′(t))E(t) of γ
′′(t)
onto E(t) is nowhere vanishing. Let ζ(t) be a unit vector field along γ in the direction
of (γ′′(t))E(t). For any section ξ of the orthogonal complement F = {ζ}
⊥ of {ζ} in E,
using that γ′′′(t) ∈ E(t)⊥ and that E is parallel in the normal connection of γ we obtain
〈ξ′, ζ〉 = 〈ξ′, γ′′〉 = −〈γ′′′, ξ〉 = 0.
It follows that F is also parallel in the normal connection of γ, and hence F is a constant
subspace Rs−1 of RN . Hence, up to a rigid motion of RN , we may assume that γ(I)
is contained in the orthogonal complement RN−s+1 of Rs−1 in RN . Moreover, we have
ζ ′ = λγ′, with λ = 〈ζ ′, γ′〉 = −〈ζ, γ′′〉. Now, 〈ζ, γ′′〉′ = 〈ζ ′, γ′′〉 + 〈ζ, γ′′′〉 = 0, hence λ
is a nonzero constant 1/R ∈ R. It follows that γ − Rζ is a constant vector of RN−s+1,
which we can assume to be 0.
4.4 A general version of Theorem 28
Let M˜ = Πra=1Ma be a product manifold, and let fa: Ma → R
Na , 1 ≤ a ≤ r, be isometric
immersions. Suppose that there exist 1 ≤ k ≤ ℓ ≤ r such that fa(Ma) is contained in
a hypersphere SNa−1(Ra) of radius Ra centered at the origin for 1 ≤ a ≤ k, and Ma is
one-dimensional for k+1 ≤ a ≤ ℓ. Given 1 ≤ a ≤ k and pa ∈ Ma, let Ea(pa) denote the
one-dimensional subspace spanned by the position vector fa(pa). For k + 1 ≤ a ≤ ℓ, let
Ea be any flat parallel subbundle of NfaMa.
Define
f˜ = f1 × · · · × fr: Π
r
a=1Ma → Π
r
a=1R
Na = RN−m ⊂ Rm × RN−m = RN ,
and let E be the flat parallel subbundle of the normal bundle of f˜ in RN whose fiber
at p = (p1, . . . , pr) is (⊕
ℓ
a=1Ea(pa)) ⊕ R
m. Choose parallel vector bundle isometries
φa: Ma × R
na → Va, k + 1 ≤ a ≤ ℓ, set R
s = Rk × Πℓa=k+1R
na × Rm, choose an
orthonormal basis e1, . . . , ek of R
k and denote by πa: R
s → Rna and π¯: Rs → Rm the
projections onto Rna and Rm, respectively.
Define a parallel vector bundle isometry φ: M˜ × Rs → E by requiring that φp˜(ea) =
fa(pa)/Ra for p˜ = (p1, . . . , pr) and 1 ≤ a ≤ k, φp˜|Rna = φ
a
pa for k + 1 ≤ a ≤ ℓ and φp˜|Rm
be any linear isometry of Rm.
Notice that Y ∈
∑k
a=1Raea + Ω(f˜ ;φ) if and only if
〈Y, ea〉 6= 0, 1 ≤ a ≤ k and πa(Y ) 6∈ (φ
a
pa)
−1(∪pa∈MaH
fa
pa ), k + 1 ≤ a ≤ ℓ.
Given an immersion f0:M0 → (
∑k
a=1Raea + Ω(f˜ ;φ)) ⊂ R
s, it follows that the
immersion f˜0: M0 → R
s defined by f˜0 = f0 −
∑k
a=1Raea satisfiesf˜0(M0) ⊂ Ω(f˜ ;φ). Let
f :Mn = Πri=0Mi → R
N be the partial tube determined by (f˜0, f˜ , φ). In case k = ℓ, the
immersion f is called the warped product of f0, . . . fr.
23
Theorem 32. The metric g induced by f is the quasi-warped product of the metrics
g0, . . . , gr induced by f0, . . . , fr, respectively, with warping functions ρa:M0 ×Ma → R+
given by
ρa(p0, pa) = ρa(p0) =
1
Ra
〈f0(p0), ea〉 for 1 ≤ a ≤ k,
ρa(p0, pa) = 1−〈f
′′
a (pa), φpa(f0(p0))〉 for k+1 ≤ a ≤ ℓ and ρa = 1 for ℓ+1 ≤ a ≤ r.
Moreover, the second fundamental form of f is adapted to the product net of Mn. Con-
versely, any isometric immersion f :Mn → RN of a quasi-warped product manifold
whose second fundamental form is adapted to its product net is given in this way.
Proof: As shown in the proof of Theorem 21, the metric g induced by f is given by
g = π∗0g0 +
r∑
a=1
π∗a(ga ◦ π0),
where ga(p0) is the metric on Ma given in terms of the metric ga induced by fa by
ga(p0)(Xa, Ya) = ga((I −A
fa
φapa (πa(f˜0(p0)))
)Xa, (I − A
fa
φapa (πa(f˜0(p0)))
)Ya)
for all Xa, Ya ∈ TpaMa.
For 1 ≤ a ≤ k, we have πa(f˜0(p0))) = 〈f˜0(p0), ea〉ea, hence
Afa
φapa (πa(f˜0(p0)))
= −
1
Ra
〈f˜0(p0), ea〉I.
Therefore,
ga(p0) = (1 +
1
Ra
〈f˜0(p0), ea〉)
2ga = ρ
2
a(p0)ga.
For k + 1 ≤ a ≤ ℓ we have
Afa
φapa (πa(f˜0(p0)))
= 〈f ′′a (pa), φ
a
pa(f˜0(p0))〉I = 〈f
′′
a (pa), φ
a
pa(f0(p0))〉I,
thus
ga(p0) = (1− 〈f
′′
a (pa), φ
a
pa(f0(p0))〉)
2ga = ρ
2
p0ga.
Finally, since Afa
φapa (πa(f˜0(p0)))
= 0 for ℓ + 1 ≤ a ≤ r, for such values of a we have
ga(p0) = ga for any p0 ∈ M0. The assertion on the second fundamental form of f follows
from Theorem 21. This completes the proof of the direct statement.
Conversely, let f :Mn = M0×ρΠ
r
a=1Ma → R
N be an isometric immersion of a quasi-
warped product manifold whose second fundamental form is adapted to its product net.
Thus, the metric g on Mn has the form
g = π∗0g0 +
r∑
a=1
(ρa ◦ π0,a)
2π∗aga
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for some ρa ∈ C
∞(M0 ×Ma) with ρa > 0, 1 ≤ a ≤ r.
For a fixed p¯0 ∈ M0, let f˜ : M˜ = Π
r
a=1Ma → R
N be defined by f˜ = f ◦ µp¯0. Then,
the metric induced by f˜ is
µp¯0
∗g =
r∑
a=1
(ρa)
2
p¯0
π˜∗aga,
where π˜a: M˜ →Ma is the projection. Hence, we can replace each ga by (ρa)
2
p¯0ga and ρa
by ρ˜a, given by (ρ˜a)p0 = (ρa)p0/(ρa)p¯0 for any p0 ∈ M0, so as to make f˜ into an isometric
immersion with respect to the product metric of g1, . . . , gr on M˜ .
Since the second fundamental form of f is adapted to the product net of Mn, it
follows from Theorem 21 that f˜ : M˜ → RN is a product
f˜ = f1 × · · · × fr: Π
r
a=1Ma → Π
r
a=1R
Na = RN−ℓ ⊂ Rℓ × RN−ℓ = RN
of substantial isometric immersions fa:Ma → R
Na, and there exist a flat parallel sub-
bundle E of Nf˜M˜ , a parallel vector bundle isometry φ: M˜ × R
s → E, and an isometric
immersion f˜0:M0 → Ω(f˜ ;φ) ⊂ R
s, which we can assume to be substantial by Remark 12,
such that f :Mn → RN is the partial tube determined by (f˜0, f˜ , φ).
As in the proof of Theorem 21, let Ea be the projection of E ontoNfaMa for 1 ≤ a ≤ r
and let φa:Ma × R
ma → Ea be a parallel vector bundle isometry, so that φ is the
restriction of the parallel vector bundle isometry φ˜: Rℓ = Πra=1R
ma → Πra=1Ea given by
(13). By Theorem 21, we have
g = π∗0g0 +
r∑
a=1
π∗a(ga ◦ π0),
where, for any (p0, . . . , pr) ∈M ,
ga(p0)(Xa, Ya) = ga((I −A
fa
φapa (πa(f0(p0)))
)Xa, (I − A
fa
φapa (πa(f0(p0)))
)Ya)
for all Xa, Ya ∈ TpaMa. Therefore, we must have
(I −Afaφapa (πa(f0(p0)))
)2 = (ρ˜2a)(pa)I,
and we conclude as in the proof of Theorem 28 that each Ea either belongs to N
⊥
1 (fa)
or it is an umbilical subbundle of NfaMa. The conclusion follows.
A special case of Theorem 32 is a classification of all local representations of Eu-
clidean space as a quasi-warped product, i.e., local isometries of quasi-warped product
manifolds into Euclidean space. As before, given an isometric immersion f : Mn → RN
we denote by G: NfM → R
N the end-point map given by G(v) = f(π(v)) + v, where
π: NfM →M is the canonical projection.
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Corollary 33. Let ψ:MN = Πri=0Mi → R
N be a local isometry of a quasi-warped
product manifold. Then, there exist a product
f˜ = f1 × · · · × fr: M˜ := Π
r
a=1Ma → Π
r
a=1R
Na = RN−m ⊂ Rm × RN−m = RN ,
where fa: Ma → S
Na−1(Ra) ⊂ R
Na is a local isometry for 1 ≤ a ≤ k and a unit speed
curve for k + 1 ≤ a ≤ r, a parallel vector bundle isometry φ:Rs × M˜ → Nf˜M˜ and a
local isometry f0:M0 → (
∑k
a=1Raea + Ω(f˜ ;φ)) ⊂ R
s such that ψ = G ◦ φ ◦ (f0 × id),
with MN regarded as the product MN = M0 × M˜ .
We call ψ the quasi-warped representation of Rn determined by f˜ . No¨lker’s warped
product representations correspond to the particular cases in which all unit-speed curves
fa, k + 1 ≤ a ≤ ℓ, are circles. Notice that, in this case, we have
k∑
a=1
Raea + Ω(f˜ ;φ) = Ω(f˜) := {Y ∈ R
s : 〈Y, ea〉 6= 0, 1 ≤ a ≤ ℓ}.
To describe all isometric immersions f : Mn → QN−1ǫ , ǫ ∈ {−1, 1}, of a quasi-warped
product manifold whose second fundamental forms are adapted to the product net of
Mn, start with an extrinsic product
f˜ : M˜ = Πra=1Ma → Q
m
ǫ ⊂ Q
N−1
ǫ ⊂ E
N ,
with f˜ substantial in Qmǫ . Suppose that there exists 1 ≤ k ≤ r such that Ma is one-
dimensional for k + 1 ≤ a ≤ r. Given 1 ≤ a ≤ k and pa ∈ Ma, let Ea(pa) denote the
one-dimensional subspace spanned by the position vector fa(pa). For k+ 1 ≤ a ≤ r, let
Ea be any flat parallel subbundle of NfaMa having the position vector fa as a section,
and let E0 be the normal space of Q
m
ǫ in Q
N−1
ǫ . Then E = ⊕
r
i=0Ea is a flat parallel
subbundle of Nf˜M˜ having the position vector f˜ as a section. Let φ:E
s × M˜ → E be
a parallel vector bundle isometry and let e1 ∈ E
s be such that φp˜(e1) = f˜(p˜) for any
p˜ ∈ M˜ . Given an immersion f0:M0 → E
s such that
f0(M0) ⊂ (e1 + Ω(f˜ ;φ)) ∩Q
s−1
ǫ ,
define f : M = Πri=0Mi = M0 × M˜ → E
N by
f(p0, p˜) = φp˜(f0(p0)). (19)
Then we have the following version of Theorem 32 for the sphere and hyperbolic
space.
Theorem 34. The map f is an immersion taking values in QN−1ǫ whose induced metric
is a quasi-warped product metric and whose second fundamental form is adapted to the
product net of M . Conversely, any immersion f : Πri=0Mi → Q
N−1
ǫ with these properties
is given in this way.
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The counterpart of Corollary 33 is as follows. It implies that any quasi-warped
product metric of constant sectional curvature ǫ ∈ {−1, 1} on an N -dimensional simply
connected product manifold Πri=0Mi arises as the induced metric on the (open subset of
regular points of the) unit normal bundle of an extrinsic product
f˜ = f1 × · · · × fr: Π
r
a=1Ma → Q
N
ǫ ⊂ E
N+1,
with fa spherical or Ma one-dimensional for every 1 ≤ a ≤ r.
Corollary 35. Let f :MN = Πri=0Mi → Q
N
ǫ be a local isometry of a quasi-warped
product manifold. Then, there exist an extrinsic product
f˜ = f1 × · · · × fr: M˜ = Π
r
a=1Ma → Q
N
ǫ ⊂ E
N+1,
with fa spherical or Ma one-dimensional for every 1 ≤ a ≤ r, a parallel vector bundle
isometry φ: M˜ ×Es → Nf˜M˜ and a local isometry f0:M0 → (e1 +Ω(f˜ ;φ))∩Q
s−1
ǫ ⊂ E
s,
where φp˜(e1) = f˜(p˜) for any p˜ ∈ M˜ , such that f is given by (19).
Arguing as in the proof of Theorem 30, the general version of No¨lker’s theorem
follows easily from Theorems 32 and 34.
Theorem 36. Any isometric immersion f :Mn = M0 ×ρ Π
r
a=1Ma → Q
N
ǫ of a warped
product manifold whose second fundamental form is adapted to the product net is a
warped product of immersions.
4.5 An application
Let f : Mn → QNǫ be an isometric immersion with flat normal bundle. Then, it is well-
known that for each point p ∈ Mn there exist an integer s(p) and unique principal
normals η1, . . . , ηs ∈ NfM(p) such that the tangent space splits orthogonally as
TpM = Eη1(p)⊕ · · · ⊕ Eηs(p)
and the second fundamental form of f splits accordingly as
α(X, Y ) =
s∑
a=1
〈Xa, Y a〉ηa, (20)
where Xa denotes the Eηa–component of X for 1 ≤ a ≤ s. Assume, in addition, that
s = s(p) is constant on Mn. In this case, it is also well-known that each ηa is smooth,
the dimension of Ea := Eηa is constant, and E
f = (E1, . . . , Es) is an orthogonal net
on Mn such that Ea is umbilical for 1 ≤ a ≤ s, and in fact spherical if rankEa ≥ 2.
Furthermore, if Ea is spherical then the restriction of f to each leaf of Ea is an spherical
isometric immersion into QNǫ (see, e.g., [3]).
We have the following generalization of Corollary 19 and its counterpart for the
sphere and hyperbolic space.
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Corollary 37. Under the above assumptions, suppose there exists 1 ≤ r ≤ s − 1 such
that E⊥a is totally geodesic for 1 ≤ a ≤ r. Set E0 := ∩
r
a=1E
⊥
a . Then there exists locally a
product representation Φ: Πri=0Mi → M of (E0, E1, . . . , Er), which is an isometry with
respect to a quasi-warped product metric on Πri=0Mi, such that f ◦Φ is given as described
before Theorems 32 or 34, according as ǫ = 0 or ǫ ∈ {−1, 1}, respectively.
Proof: That there exists locally a product representation Φ: Πri=0Mi → M of the net
(E0, E1, . . . , Er) follows from Proposition 8. Since Ea is umbilical and E
⊥
a is totally
geodesic for 1 ≤ a ≤ r, Proposition 5 implies that the metric induced by Φ is a
quasi-warped product metric. Finally, the second fundamental form of f is adapted
to (E0, E1, . . . , Er) by (20), hence the second fundamental form of f ◦Φ is also adapted
to the product net of Πri=0Mi. Thus either Theorem 32 or Theorem 34 applies to f ◦Φ,
according as ǫ = 0 or ǫ ∈ {−1, 1}, respectively.
Finally, given 1 ≤ ℓ ≤ s, below we give some known conditions for E⊥ηℓ to be totally
geodesic (cf. [3]):
Proposition 38. The following holds:
(i) E⊥ηℓ is totally geodesic if and only if it is integrable and ηa is parallel along Eηℓ for
every 1 ≤ a ≤ s with a 6= ℓ.
(ii) If the vectors ηa − ηℓ and ηb − ηℓ are everywhere linearly independent for any pair
of indices 1 ≤ a 6= b ≤ s with a, b 6= ℓ then E⊥ηℓ is integrable.
Proof: The Codazzi equations yield
∇⊥Xℓηa = 〈∇XaXa, Xℓ〉(ηa − ηℓ) if a 6= ℓ, (21)
and
〈∇XbXa, Xℓ〉(ηa − ηℓ) = 〈∇XaXb, Xℓ〉(ηb − ηℓ) if a, b 6= ℓ (22)
for all unit vector fields Xb ∈ Γ(Eηb), Xa ∈ Γ(Eηa) and Xℓ ∈ Γ(Eηℓ).
Equation (21) implies that ηa is parallel along Eηℓ for every 1 ≤ a ≤ s with a 6= ℓ if
E⊥ηℓ is totally geodesic. Conversely, if E
⊥
ηℓ
is integrable then the first factors in both sides
of (22) coincide, hence both must vanish if a 6= b. On the other hand, from (21) and the
assumption that ηa is parallel along Eηℓ for every 1 ≤ a ≤ s with a 6= ℓ we obtain that
〈∇XaXa, Xℓ〉 = 0 for every 1 ≤ a ≤ s with a 6= ℓ. Thus E
⊥
ηℓ
is totally geodesic. The
assertion in (ii) follows immediately from (22).
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